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Vxemhfwlyh Glvwulexwlrqv
Lw}kdn Jloerd| dqg Gdylg Vfkphlgohu}
Rfwrehu 5334
Devwudfw
D ghflvlrq pdnhu kdv wr fkrrvh rqh ri vhyhudo udqgrp yduldeohv/
zlwk xqfhuwdlqwo| nqrzq glvwulexwlrqv1 Dv d Ed|hvldq vkh ehkdyhv dv
li vkh qhz wkh glvwulexwlrqv1 Lq klv sdshu zh vxjjhvw dq d{lrpdwlf
ghulywlrq ri wkhvh +vxemhfwlyh, glvwulexwlrqv/ zklfk lv pxfk pruh hfr0
qrplfdo wkdq wkh ghulydwlrqv e| gh Ilqhwwl ru Vdydjh1 Wkh| ghulyh wkh
zkroh mrlqw glvwulexwlrq ri doo wkh dydlodeoh udqgrp yduldeohv1
4 Lqwurgxfwlrq
Wklv sdshu surylghv dq d{lrpdwlf ghulydwlrq ri vxemhfwlyh suredelolwlhv lq
wkh frqwh{w ri h{shfwhg ydoxh pd{lpl}dwlrq zlwkrxw d vwdwh vsdfh1 Dv rs0
srvhg wr wkh xvxdo dssurdfkhv +Udpvh| +4<64,/ gh Ilqhwwl +4<6:,/ dqg Vdydjh
+4<87,,/ rxu prgho grhv qrw dvvxph wkdw wkh ghflvlrq pdnhu fdq ru qhhg hv0
wlpdwh suredelolwlhv eh|rqg wkrvh wkdw duh gluhfwo| xvhg iru h{shfwhg ydoxh
pd{lpl}dwlrq1
Lq pdq| ghflvlrq sureohpv xqghu xqfhuwdlqw| dfwv duh qrw jlyhq dv ixqf0
wlrqv iurp vwdwhv ri qdwxuh wr rxwfrphv1 Iru lqvwdqfh/ vxssrvh wkdw wkh
ghflvlrq pdnhu kdv wr vhohfw rqh ri vhyhudo lqyhvwphqwv rswlrqv +sruwirolrv,
Shuvrqdo dfnqrzohgjhphqwv wr eh dgghg1 Wklv zrun zdv sduwldoo| vxssruwhg e| LVI
Judqw Qr1 :<32331
|Who0Dyly Xqlyhuvlw| dqg Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1 ljloerdCsrvw1wdx1df1lo
}Who0Dyly Xqlyhuvlw| dqg Wkh Rklr Vwdwh Xqlyhuvlw|1 vfkphlgCsrvw1wdx1df1lo
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ri htxdo suhvhqw ydoxh1 Iru hdfk sruwirolr vkh zrxog olnh wr nqrz wkh glvwul0
exwlrq ri lwv ydoxhv dw/ vd|/ d |hdu odwhu1 Wr suhvhqw rxu dssurdfk zh wxuq
wr wkh vw|ol}hg h{dpsoh ri 6 xuqv frqwdlqlqj froruhg edoov1 D edoo zloo eh
gudzq dw udqgrp iurp hdfk xuq/ dqg wkh rxwfrph zloo eh ghwhuplqhg e| wkh
froru ri wkh edoo gudzq iurp wkh xuq fkrvhq e| wkh ghflvlrq pdnhu1 Wkhuh
duh ? srvvleoh froruv/ exw wkh glvwulexwlrqv ri froruv lq wkh xuqv duh xqnqrzq1
Wkh vwdqgdug dssurdfk fdoov iru wkh ghqlwlrq ri vwdwhv ri qdwxuh dv ixqf0
wlrqv iurp dfwv wr rxwfrphv1 Wkxv/ wkhuh duh ?6 vwdwhv lq wklv sureohp/ dqg
?6 sdudphwhuv iru wkh ghflvlrq pdnhu wr dvvhvv1 Krzhyhu/ h{shfwhg ydoxh
+ru h{shfwhg xwlolw|, pd{lpl}dwlrq zloo rqo| pdnh xvh ri 6E?  qxpehuv/
qdpho|/ wkh glvwulexwlrq ri froruv lq hdfk xuq vhsdudwho|1 Li zh ylhz wkh froru
ri wkh edoo ehlqj gudzq iurp hdfk xuq dv d udqgrp yduldeoh/ rqo| wkh pdu0
jlqdo glvwulexwlrqv ri wkhvh udqgrp yduldeohv duh qhhghg1 Lq wkh vwdqgdug
dssurdfk/ e| frqwudvw/ wkh ghflvlrq pdnhu lv dvnhg wr dvvhvv wkh hqwluh mrlqw
glvwulexwlrq1
Dq reylrxv txhvwlrq dulvhv= fdq rqh surylgh dq d{lrpdwlf ghulydwlrq ri
vxemhfwlyh suredelolwlhv +frxsohg zlwk h{shfwhg ydoxh pd{lpl}dwlrq, wkdw
zrxog qrw uhvruw wr d suredelolw| rq dq hqwluh dojheud ri hyhqwv +ghqlqj
d odujh vwdwh vsdfh,/ exw zrxog pdnh gr zlwk wkh suredelolw| ydoxhv wkdw duh
ri dfwxdo xvhB
Wkh sxusrvh ri wklv sdshu lv wr surylgh vxfk dq d{lrpdwl}dwlrq1 Zh
dvvxph dv jlyhq d vhw ri dfwv +vxfk dv wkh xuqv,/ dqg d vhw ri sk|vlfdo frq0
vhtxhqfhv +vxfk dv wkh froru ri wkh edoov gudzq rxw ri wkh xuqv,1 Wr hdfk
sk|vlfdo frqvhtxhqfh zh fdq dwwdfk d uhdo0ydoxhg sd|r/ wr eh wkrxjkw ri
dv d prqhwdu| sul}h/ ru d xwlolw| lqgh{1 Jlyhq vxfk d sd|r dvvljqphqw/
zh dvvxph wkdw wkh ghflvlrq pdnhu fdq h{suhvv suhihuhqfhv ryhu wkh vhw ri
dfwv1 Zh surylgh frqglwlrqv xqghu zklfk wkhuh h{lvw/ iru hdfk dfw/ d +vxe0
mhfwlyh, glvwulexwlrq +ryhu sk|vlfdo frqvhtxhqfhv,/ vxfk wkdw/ iru hdfk sd|r
dvvljqphqw/ wkh ghflvlrq pdnhu udqnv dfwv dffruglqj wr wkhlu h{shfwhg sd|r
zlwk uhvshfw wr wkhvh glvwulexwlrqv1 Lq rwkhu zrugv= hdfk dfw lv lghqwlhg
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zlwk d suredelolw| yhfwru ryhu wkh vhw ri sk|vlfdo frqvhtxhqfhv1 Dq hqwu| lq
vxfk d yhfwru lv lqwhusuhwhg dv wkh vxemhfwlyh suredelolw| wkdw/ vkrxog wklv
dfw eh fkrvhq/ wkh fruuhvsrqglqj frqvhtxhqfh zrxog uhvxow1 Zh vkrz wkdw
iru hyhu| sd|r dvvljqphqw/ wkh fruuhvsrqglqj suhihuhqfh uhodwlrq ryhu dfwv
djuhhv zlwk pd{lpl}dwlrq ri h{shfwhg ydoxh zlwk uhvshfw wr wkh jlyhq sd|r
dvvljqphqw dqg wkh vxemhfwlyh glvwulexwlrqv zh ghulyh1
Wuhdwlqj hdfk dydlodeoh dfw dv d udqgrp yduldeoh/ wdnlqj ydoxhv lq wkh
vhw ri sk|vlfdo frqvhtxhqfhv/ rxu uhvxow lghqwlhv d vxemhfwlyh glvwulexwlrq
iru hdfk vxfk yduldeoh1 Zh gr qrw lghqwli| wkhlu mrlqw glvwulexwlrq/ dv gr gh
Ilqhwwl dqg Vdydjh1 Udwkhu/ zh rqo| ghdo zlwk wkh pdujlqdo glvwulexwlrqv/
zklfk duh wkrvh wkdw zloo eh xvhg lq fkrlfh ehwzhhq dfwxdoo| dydlodeoh dfwv1
Lw dovr iroorzv wkdw rxu prgho grhv qrw dgguhvv wkh txhvwlrq ri +vxemhfwlyh,
lqghshqghqfh ri ru fruuhodwlrq ehwzhhq wkhvh udqgrp yduldeohv1
Rxu uhvxow vhuyhv vhyhudo sxusrvhv1 Iluvw/ lw uhodwhv wkh qrwlrq ri vxemhf0
wlyh suredelolw| wr suhihuhqfhv lq d qhz zd|1 Dv vxfk/ lw pljkw pdnh wklv
qrwlrq phdqlqjixo hyhq zkhq Vdydjh txhvwlrqqdluhv duh wrr frpsoh{ dqg
frxqwhu0lqwxlwlyh wr eh frqvlghuhg revhuydeoh gdwd1 Vhfrqg/ lw rxwolqhv wkh
holflwdwlrq ri vxemhfwlyh pdujlqdo glvwulexwlrqv ri d vhw ri udqgrp yduldeohv/
zlwkrxw uhvruwlqj wr wkh holflwdwlrq ri wkh mrlqw glvwulexwlrq wkhuhri1 Odvwo|/
lw fdq eh xvhg wr mxgjh wkh h{shfwhg sd|r sdudgljp/ erwk ghvfulswlyho| dqg
qrupdwlyho|/ lq vlwxdwlrqv zkhuh wkh gh Ilqhwwl0Vdydjh dssurdfk uhtxluhv wrr
ghwdlohg suhihuhqfh gdwd1 Lq sduwlfxodu/ lw vkrzv wkdw wkh h{shfwhg sd|r
sdudgljp pljkw eh frjqlwlyho| sodxvleoh lq vlwxdwlrqv lq zklfk lwv nqrzq
d{lrpdwlf ghulydwlrqv duh qrw1 Wkdw lv/ lw lv srvvleoh wkdw ghflvlrq pdn0
huv jhqhudwh vxemhfwlyh pdujlqdo glvwulexwlrqv dqg fkrrvh d udqgrp yduldeoh
wkdw pd{lpl}hv wkh fruuhvsrqglqj vxemhfwlyh h{shfwhg xwlolw|/ zlwkrxw kdylqj
Ed|hvldq eholhiv ryhu wkh hqwluh dojheud ri hyhqwv jhqhudwhg e| wkh udqgrp
yduldeohv lq txhvwlrq1 Lq wkh odqjxdjh ri suhihuhqfhv/ ghflvlrq pdnhuv pd|
rqo| kdyh zhoo0ghqhg suhihuhqfhv ehwzhhq dfwv wkdw duh dfwxdoo| dydlodeoh wr
wkhp/ exw qrw ehwzhhq k|srwkhwlfdo dfwv wkdw fdq eh ghqhg e| wkh iruphu1
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Wkh qh{w vhfwlrq suhvhqwv wkh prgho dqg uhvxowv1 Surriv duh uhohjdwhg wr
dq dsshqgl{1 Zh ghihu ixuwkhu glvfxvvlrq wr Vhfwlrq 61
5 Prgho dqg Uhvxowv
Dvvxph wkdw d ghflvlrq pdnhu lv idflqj d ghflvlrq sureohp zlwk d qlwh dqg
qrq0hpsw| vhw ri dfwv/ 1 Hdfk dfw zloo uhvxow lq rqh +dqg rqo| rqh, sk|vlfdo
frqvhtxhqfh iurp wkh vhw  ' ic c ?j iru ?  1 D frqwh{w lv d uhdo0ydoxhg
ixqfwlrq rq  1 Wkh vsdfh ri doo frqwh{wv/ U / lv lghqwlhg zlwk U?/ hqgrzhg
zlwk wkh qdwxudo wrsrorj| dqg wkh vwdqgdug dojheudlf rshudwlrqv1 Jlyhq d
frqwh{w % 5 U?/ (%   lv d elqdu| uhodwlrq ryhu dfwv1
Wkh lqwhusuhwdwlrq lv dv iroorzv1 Wkh sk|vlfdo frqvhtxhqfhv duh devwudfw/
dqg wkh| gr qrw ghwhuplqh wkh ghflvlrq pdnhu*v xwlolw|1 Udwkhu/ lw lv wkh
frqwh{w % zklfk dvvrfldwhv d xwlolw| ydoxh wr hdfk srvvleoh frqvhtxhqfh1 Sxw
glhuhqwo|/ wkh vhw ri frqwh{wv lv wkh vhw ri srvvleoh xwlolw| ixqfwlrqv rq wkh
devwudfw vhw ri frqvhtxhqfhv  1 Dv lq wkh lqwurgxfwlrq/ d frqvhtxhqfh pljkw
eh/ iru lqvwdqfh/ d edoo gudzq iurp xuq 4 lv uhg1 Zh gr qrw dvvxph wkdw gli0
ihuhqw dfwv kdyh glvmrlqw vhwv ri srvvleoh frqvhtxhqfhv1 Udwkhu/ hyhu| sk|vlfdo
frqvhtxhqfh pljkw/ d0sulrul/ uhvxow iurp dq| dfw1 Lw lv dvvxphg wkdw zh fdq
revhuyh wkh ghflvlrq pdnhu*v suhihuhqfhv ryhu dfwv jlyhq dq| xwlolw| ixqfwlrq1
Zh qrz irupxodwh d{lrpv rq i(%j%MU?=
D4 Rughu= Iru hyhu| % 5 U?/ (% lv frpsohwh dqg wudqvlwlyh rq 1
D5 Dgglwlylw|= Iru hyhu| %c + 5 U? dqg hyhu| @c K 5 / li @ (% K dqg
@ "+ K/ wkhq @ "%n+ K1
D6 Frqwlqxlw|= Iru hyhu| @c K 5  wkh vhwv i% m @ "% Kj dqg i% m K "% @j
duh rshq1
D7 Glyhuvlw|= Iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri  wkhuh
h{lvwv % 5 U? vxfk wkdw @ "% K "% S "% _1 Li mm 	 e/ wkhq iru dq| vwulfw
rughulqj ri wkh hohphqwv ri  wkhuh h{lvwv % 5 U? vxfk wkdw "% lv wkdw rughu0
lqj1
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D8 Qhxwudolw|= Iru hyhu| frqvwdqw S 5 U? +l1h1/ S ' S iru doo c  5 ,/
dqg hyhu| @c K 5 / @ S K1
D{lrp 4 lv vwdqgdug1 D{lrp 5 lv wkh prvw fuxfldo d{lrp/ dv lw jxdudqwhhv
wkdw wkh vhw ri frqwh{wv +xwlolw| ixqfwlrqv, iru zklfk dfw @ lv suhihuuhg wr dfw
K lv frqyh{1 D{lrp 6 vwdwhv wkdw wklv vhw lv dovr rshq1 Wkh glyhuvlw| d{lrp
+D7, uxohv rxw fhuwdlq suhihuhqfhv1 Iru lqvwdqfh/ lw grhv qrw doorz rqh orwwhu|
wr eh dozd|v suhihuuhg wr dqrwkhu1 Ilqdoo|/ D8 lv d zhdn frqvhtxhqwldolvp
d{lrp1 Lw krogv zkhqhyhu wkh ghflvlrq pdnhu fduhv rqo| derxw wkh qdo xwlolw|
ghulyhg iurp frqvhtxhqfhv= li wklv xwlolw| ixqfwlrq kdsshqv wr eh frqvwdqw/
qr dfw vkrxog eh suhihuuhg wr dq| rwkhu1
Wkh vwdwhphqw ri wkh wkhruhp uhtxluhv wzr dgglwlrqdo ghqlwlrqv1 D ixqf0
wlrq  G  $ dfc o zlwk SM  E '  lv fdoohg d orwwhu|1 Dojheudlf rshu0
dwlrqv rq orwwhulhv duh shuiruphg srlqwzlvh1 Lq sduwlfxodu/ wkh k0pl{wxuh ri
orwwhulhv  dqg '/ k n E k' lv dovr d orwwhu|1 D froohfwlrqv ri orwwhulhv
i@j@M lv fdoohg 70lqghshqghqw li hyhu| irxu +ru ihzhu, orwwhulhv lq lw duh
olqhduo| lqghshqghqw14
Wkhruhp 4 = Wkh iroorzlqj wzr vwdwhphqwv duh htxlydohqw=
+l, i(%j%MU? vdwlvi| D4 0 D8>
+ll, Wkhuh lv d froohfwlrq ri 70lqghshqghqw orwwhulhv  ' i@j@M vxfk wkdw=
E
iru hyhu| % 5 U? dqg hyhu| @c K 5 /





Wr zkdw h{whqw duh wkh orwwhulhv i@j@M xqltxhB Fohduo|/ li i@j@M
vdwlvi| E/ wkhq/ iru dq| orwwhu| - dqg dq| k 5 Efc o/ wkh froohfwlrq ik@ n
4Wkdw lv/ li mDm ? 7/ iSdjd5D lv 70lqghshqghqw li lw lv olqhduo| lqghshqghqw1
8
Ek-j@M dovr vdwlvhv E15 Revhuyh wkdw lq i@j@M glhuhqfhv ehwzhhq
orwwhulhv duh pruh surqrxqfhg wkdq lq ik@ n E k-j@M1 Wklv jlyhv ulvh
wr wkh iroorzlqj ghqlwlrq1
Iru wzr froohfwlrqv ri orwwhulhv/  ' i@j@M dqg ' ' i'@j@M/ zh vd|
wkdw  lv pruh h{wuhph wkdq ' li wkhuh h{lvwv d orwwhu| - dqg k 5 Efc  vxfk
wkdw k@ n E  k- ' '@ iru doo @ 5 1 Zh fdq qrz vwdwh wkh xqltxhqhvv
uhvxow1
Sursrvlwlrq 5 Wkhuh h{lvwv d xqltxh froohfwlrq ri 70lqghshqghqw orwwhulhv 
wkdw vdwlvhv E dqg wkdw lv pruh h{wuhph wkdq dq| rwkhu froohfwlrq ' wkdw
vdwlvhv E1
Zh gr qrw nqrz ri d vhw ri d{lrpv wkdw duh qhfhvvdu| dqg vx!flhqw iru
d uhsuhvhqwdwlrq dv lq E e| d froohfwlrq ri orwwhulhv wkdw qhhg qrw eh 70
lqghshqghqw1 Zh gr nqrz wkdw gursslqj D7 zloo qrw gr16 Lw lv fohdu iurp
wkh surri ri wkh pdlq uhvxow lq Jloerd dqg Vfkphlgohu +4<<:, wkdw zhdnhu
yhuvlrqv ri D7 vx!fh iru d uhsuhvhqwdwlrq dv lq E1 Dvknhqd}l dqg Ohkuhu
+5334, dovr rhu d frqglwlrq wkdw lv zhdnhu wkdq D7/ dqg wkdw dovr vx!fhv
iru vxfk d uhsuhvhqwdwlrq1 Wkh glyhuvlw| d{lrp lv vwdwhg khuh lq lwv vlpsohvw
dqg prvw hohjdqw irup/ udwkhu wkdq lq lwv pdwkhpdwlfdoo| zhdnhvw irup1
6 Glvfxvvlrq
Rxu ghulydwlrq ri h{shfwhg xwlolw| zlwk vxemhfwlyh orwwhulhv dvvxphv wkdw oh0
jlwlpdwh gdwd duh rqo| suhihuhqfhv ehwzhhq dfwv wkdw duh dfwxdoo| dydlodeoh/
exw wkdw wkhvh fdq eh revhuyhg iru dq| dvvljqphqw ri xwlolw| ydoxhv wr frq0
vhtxhqfhv1 Rqh reylrxv gudzedfn ri wklv d{lrpdwl}dwlrq lv wkdw/ olnh wkdw ri
5Wklv lv wdqwdprxqw wr vd|lqj wkdw wkh lqghshqfh d{lrp ri yQP +4<77, lv qhfhvvdu|
iru h{shfwhg xwlolw| pd{lpl}dwlrq1
6Lq Jloerd dqg Vfkphlgohu +4<<:, zh surylgh wzr frxqwhu0h{dpsohv wkdw vkrz wkdw
D40D6/ frxsohg zlwk d zhdnhu qhxwudolw| d{lrp/ gr qrw lpso| d uhsuhvhqwdwlrq dv lq +,1
Wkh uvw frxqwhu0h{dpsoh xvhv d qlwh vhw D dqg vdwlvhv wkh vwurqjhu yhuvlrq ri D8 xvhg
khuh/ dqg wkhuhiruh dssolhv wr rxu fdvh dv zhoo1
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gh Ilqhwwl +4<6:,/ lw dvvxphv olqhdulw| +ru frqyh{lw|, lq sd|rv1 Wklv fdq eh
lqwhusuhwhg lq vhyhudo zd|v1 Iluvw/ rqh pd| dvvxph wkdw sd|rv duh prqh0
wdu|/ dqg wkdw wkh ghflvlrq pdnhu lv ulvn qhxwudo1 Wklv pdnhv wkh gdwd hdvlo|
revhuydeoh/ exw wkh d{lrp ehfrphv udwkhu lpsodxvleoh vlqfh ghflvlrq pdnhuv
duh w|slfdoo| qrw dvvxphg wr eh ulvn qhxwudo/ hvshfldoo| zkhq odujh vxpv ri
prqh| duh lqyroyhg1
Vhfrqg/ qxphulfdo sd|rv fdq eh ylhzhg dv xwlolw| ydoxhv1 Wkdw lv/ rqh
pd| dvvxph wkdw wkhuh lv dq lqghshqghqw phdvxuhphqw ri d fduglqdo xwlolw|
ixqfwlrq/ dqg wkdw frqwh{wv % uhihu wr ydoxhv ri wklv xwlolw| ixqfwlrq1 Qr
orvv ri jhqhudolw| lv lqyroyhg khuh/ vlqfh hyhu| h{shfwhg xwlolw| pd{lpl}hu zloo
vdwlvi| wklv d{lrp lq wklv irupxodwlrq1 Exw wkh doohjhgo| revhuydeoh gdwd duh
wkhq vxssrvhg wr eh fkrlfhv jlyhq vxfk dvvljqphqwv ri xwlolw| ydoxhv/ dqg lw
lv qrw hqwluho| fohdu zkhuh rqh fdq jhw vxfk d xwlolw| ixqfwlrq wr ehjlq zlwk1
D wklug lqwhusuhwdwlrq lqyroyhv vpdoo dprxqwv ri prqh|/ dqg lw uholhv
rq wkh idfw wkdw dq h{shfwhg xwlolw| pd{lpl}hu +zlwk d glhuhqwldeoh xwlolw|
ixqfwlrq, ehkdyhv olnh d ulvn qhxwudo ghflvlrq pdnhu zkhq vpdoo dprxqwv ri
prqh| duh lqyroyhg1 Wr eh pruh frqfuhwh/ dvvxph wkdw wkhuh duh suhihuhqfh
rughuv i(%j%MU? rq wkh vhw ri dfw  iru dq| prqhwdu| sd|r ixqfwlrq % 5 U?1
Iru d yhfwru % 5 U? ghqh d qhz uhodwlrq/ (% dv iroorzv= @ (% K l wkhuh
h{lvwv e0 : f vxfk wkdw/ iru doo 0 5 Efce0/ @ (0% K1 Reylrxvo|/ @ (% K l
@ (b% K iru hyhu| % 5 U? dqg hyhu| b : f1 Rqh fdq qrz dvvxph wkdw
i(%j%MU? vdwlvi| D40D81 Lq wklv lqwhusuhwdwlrq/ wkh frpsohwhqhvv d{lrpv
ehfrphv ohvv reylrxv1 Krzhyhu/ wkh dgglwlylw| d{lrp +D5, lv pruh sdodwdeoh1
Qdwxudoo|/ wkh suhihuhqfhv i(%j%MU? / qdpho|/ suhihuhqfhv jlyhq duelwudulo|
vpdoo prqhwdu| sul}hv/ vx!fh iru wkh ghulydwlrq ri vxemhfwlyh orwwhulhv1 Exw
wklv dssurdfk vxjjhvwv wkdw holflwdwlrq ri suredelolwlhv eh pdgh xvlqj sul}hv
derxw zklfk wkh ghflvlrq pdnhu grhv qrw uhdoo| fduh1 Lw lv qrw fohdu wkdw
rqh zrxog olnh wr edvh wkh ghulydwlrq ri vxemhfwlyh suredelolwlhv hqwluho| rq
suhihuhqfhv ehwzhhq dv|pswrwlfdoo| vpdoo sul}hv1
Udwkhu wkdq dgrswlqj rqh ri wkhvh lqwhusuhwdwlrq/ rqh fdq dovr dwwhpsw
:
wr ghulyh wkh xwlolw| ixqfwlrq lq frqmxqfwlrq zlwk wkh vxemhfwlyh orwwhulhv1
Exloglqj rq wkh whfkqltxhv ri Zdnnhu +4<;<,/ rqh pd| uh0vwdwh wkh dgglwlylw|
d{lrp vr wkdw lw fruuhvsrqg wr dgglwlrq ri xwlolwlhv/ udwkhu wkdq ri sul}hv1
Lqghhg/ lq Jloerd/ Vfkphlgohu/ dqg Zdnnhu +4<<<, zh iroorz d vlplodu wdfn lq
dgdswlqj wkh ruljlqdo uhvxow ri Jloerd dqg Vfkphlgohu +4<<:,/ zklfk dvvxphg
d jlyhq xwlolw| ixqfwlrq/ wr d uhvxow wkdw ghulyhv wkh xwlolw| ixqfwlrq dv zhoo1
Lq idfw/ rqh pd| vwduw zlwk wkh uvw d{lrpdwl}dwlrq lq Jloerd/ Vfkphlgohu/
dqg Zdnnhu +4<<<,/ vwuhqjwkhq d{lrp D8 dv deryh/ dqg frqwlqxh wr rewdlq
d ghulydwlrq ri h{shfwhg xwlolw| zlwk vxemhfwlyh orwwhulhv dqg d jhqhudo xwlolw|
ixqfwlrq1
Rxu dssurdfk dvvxphv wkdw wkhuh duh sk|vlfdo frqvhtxhqfhv/ wr zklfk
ydulrxv sd|rv fdq eh dvvljqhg1 Iru lqvwdqfh/ wkh sk|vlfdo frqvhtxhqfhv frxog
eh froruv ri edoov gudzq iurp xuqv/ zkhuhdv wkh prqhwdu| sd|rv dwwdfkhg
wr wkhp duh duelwudu|1 Wkhuh duh dssolfdwlrqv lq zklfk wklv duelwudulqhvv lv
xqzduudqwhg1 Iru lqvwdqfh/ li wkh sk|vlfdo frqvhtxhqfh ri ghdwk fdqqrw eh
dvfulehg duelwudu| xwlolw| ydoxh1
\hw/ wkhuh duh pdq| hfrqrplf dssolfdwlrqv lq zklfk rqh pd| ghqh d
sk|vlfdo frqvhtxhqfh wkdw grhv qrw xqltxho| ghqh wkh ghflvlrq pdnhu*v zhoo0
ehlqj1 Iru lqvwdqfh/ wkh sk|vlfdo frqvhtxhqfhv frxog eh wkh vxffhvv ru idloxuh
ri fhuwdlq qhz whfkqrorjlhv/ zkloh wkh sd|rv dwwdfkhg wr wkhp duh ghqhg e|
pdunhw frqglwlrqv1 Dowhuqdwlyho|/ sk|vlfdo frqvhtxhqfhv pljkw fruuhvsrqg wr
sulfhv ri vwrfnv/ zkhuhdv wkh ghflvlrq pdnhu*v sd|r lv ghqhg e| d ydulrxv
ghulydwlyhv vkh krogv1 Lq vlwxdwlrqv vxfk dv wklv/ lw pljkw eh hdvlhu iru d
ghflvlrq pdnhu wr lpdjlqh ydulrxv sd|rv dwwdfkhg wr sk|vlfdo frqvhtxhqfhv/
wkdq wr lpdjlqh frqfhlydeoh dfwv ghqhg rq wkh hqwluh vwdwh vsdfh lq zklfk
dfwxdo dfwv duh hpehgghg1
Revhuyh wkdw/ li rqh vwduwv zlwk dfwv dqg frqvhtxhqfhv dqg xvhv wkhp
wr ghqh vwdwhv ri qdwxuh/ doo suhihuhqfh txhvwlrqv lq rxu prgho kdyh fruuh0
vsrqglqj txhvwlrqv lq gh Ilqhwwl*v prgho1 Zkhuhdv zh dvvxph wkdw sk|vlfdo
frqvhtxhqfhv pljkw |lhog duelwudu| xwlolw| ydoxhv/ gh Ilqhwwl zrxog xvh vwdwhv
;
wkdw ghqh wkh dfwxdo xwlolw| +wkurxjk wkh frqvhtxhqfh, dqg wkhq dwwdfk wr
wkhp k|srwkhwlfdo xwlolw|1 E| frqwudvw/ wkh gh Ilqhwwl txhvwlrqqdluh zrxog
lqfoxgh pdq| k|srwkhwlfdo txhvwlrqv wkdw duh qrw qhhghg lq rxu prgho1
Lw pljkw eh lqvljkwixo wr hpehg rxu prgho lq d gh Ilqhwwl0Vdydjh prgho1
Ohw wkhuh eh jlyhq 6 dfwv/ hdfk ri zklfk pd| uhvxow lq rqh ri ? sk|vlfdo
frqvhtxhqfhv1 Jlyhq dq dfw @ dqg d sd|rv yhfwru % 5 U?/ wkh sd|r % zloo
uhvxow li @ lv fkrvhq e| wkh ghflvlrq pdnhu dqg frqvhtxhqfh  lv fkrvhq e|
qdwxuh1 Wkh fruuhvsrqglqj gh Ilqhwwl prgho kdv ?6 vwdwhv1 Dq dfw @ dqg
d sd|r yhfwru % ghqh d gh Ilqhwwl dfw + 5 U?6 dv iroorzv= iru d vwdwh ri
qdwxuh / zkhuh wkh fkrlfh ri dfw @ uhvxowv lq frqvhtxhqfh / + ' %1 Dfw K
zlwk wkh vdph frqwh{w % 5 U? lv uhsuhvhqwhg e| 5 5 U?6 zkhuh/ iru d vwdwh
ri qdwxuh & lq zklfk dfw K uhvxowv lq frqvhtxhqfh ,/ 5& ' %,1 Wkh gh Ilqhwwl
dfwv + dqg 5 lq U?
6
dvvxph wkh vdph frruglqdwh ydoxhv/ zklfk duh wkrvh ri
% 5 U?/ exw qrw dw wkh vdph frruglqdwhv1 Frqyhuvho|/ wdnlqj wkh vdph dfw
@ zlwk dqrwkhu sd|r yhfwru % 5 U? zrxog |lhog d gh Ilqhwwl dfw + 5 U?6
wkdw lv rewdlqhg iurp + e| uhsodflqj hdfk % e| %1 Li zh { dq dfw @ dqg
frqvlghu doo wkh yhfwruv + 5 U?6 wkdw fruuhvsrqg wr @ dqg wr vrph % 5 U?/
zh rewdlq d vxevsdfh ri U?
6
zkrvh glphqvlrq lv ?1 Udqjlqj ryhu doo dfwv @/
wkh hqwluh vhwv ri gh Ilqhwwl dfwv wkdw uhvxow lq wkh xqlrq ri 6 vxfk vxevsdfhv1
Wklv lv fohduo| d pxfk vpdoohu vhw wkdw U?
6
1 Pruhryhu/ lq rxu d{lrpdwl}dwlrq
dq dfw @ lq wkh frqwh{w % 5 U? lv frpsduhg rqo| zlwk wkh rwkhu 6  dfwv
lq wkh vdph frqwh{w % E| frqwudvw/ lq d gh Ilqhwwl0Vdydjh d{lrpdwl}dwlrq/
hdfk yhfwru + 5 U?6 lv frpsduhg zlwk doo rwkhu yhfwruv lq U?6
<
Dsshqgl{= Surri
Surri ri Wkhruhp 4=
Zh uvw txrwh wkh pdlq uhvxow lq Jloerd dqg Vfkphlgohu +4<<:,1 Lq wklv
wkhruhp/ D40D7 duh lghqwlfdo wr rxuv1 D8 lv zhdnhu=
D8- Zhdn Qhxwudolw|= Iru hyhu| @c K 5 / @ f K1
zkhuh f ghqrwhv wkh ruljlq lq U? Wkh wkhruhp vwdwhv
Wkhruhp 6 +Jloerd0Vfkphlgohu/ 4<<:,= Wkh iroorzlqj wzr vwdwhphqwv duh
htxlydohqw li mm  e=
+l, i(%j%MU? vdwlvi| D4 0 D7/ D8->
+ll, Wkhuh lv d froohfwlrq i@j@M  U? vxfk wkdw=
E
iru hyhu| % 5 U? dqg hyhu| @c K 5 /









dqg/ iru hyhu| glvwlqfw @c Kc Sc _ 5 / wkh yhfwruv i@Kc KSc S_j
duh olqhduo| lqghshqghqw1
Ixuwkhupruh/ i@j@M duh xqltxh lq wkh iroorzlqj vhqvh= i@j@M dovr
vdwlvi| E l wkhuh h{lvwv k : f dqg q 5 U? vxfk wkdw @ ' k@ n q
iru doo @ 5 1
Fohduo|/ wkh uhsuhvhqwdwlrq lq E lv edvlfdoo| lghqwlfdo wr wkdw lq E/ zlwk
@ E ' 
@
 1 Dv lq Wkhruhp 4/ Wkhruhp 6 uhvwulfwv wkh w|sh ri froohfwlrqv
ri yhfwruv i@j@M wkdw pd| dulvh1 Zh qrz vkrz wkdw/ li @ lv d orwwhu| rq
ic c ?j/ wklv uhvwulfwlrq lv htxlydohqw wr wkdw ri Wkhruhp 41
Sursrvlwlrq 7 Dvvxph uvw mm  e1 D froohfwlrq ri orwwhulhv i@j@M lv 70
lqghshqghqw l iru hyhu| olvw E@c Kc Sc _ ri glvwlqfw hohphqwv ri / wkh yhfwruv
i@ Kc K Sc S _j duh olqhduo| lqghshqghqw1 Vlplodu htxlydohqfh krogv
iru wkh fdvh mm 	 e1
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Surri1 Dvvxph wkdw mm  e1 Ohw d froohfwlrq ri orwwhulhv i@j@M eh
jlyhq/ dqg dvvxph wkdw lw lv 70lqghshqghqw1 Frqvlghu glvwlqfw @c Kc Sc _1 Li
wkh yhfwruv i@  Kc K  Sc S  _j duh ghshqghqw/ vr duh i@c Kc Sc _j/
frqwudu| wr rxu dvvxpswlrq1
Iru wkh frqyhuvh gluhfwlrq/ dvvxph wkdw wkh yhfwruv iE@  Kc EK  Sc
ES  _j duh lqghshqghqw +iru doo txdguxsohv ri glvwlqfw @c Kc Sc _, exw wkdw/
frqwudu| wr 70lqghshqghqfh ri i@j@M/ wkhuh duh glvwlqfw @c Kc Sc _ 5  dqg
bc >c w 5 U vxfk wkdw














@c Kc Sc _ duh orwwhulhv/ zh rewdlq bn >n w ' 1 Wklv lpsolhv wkdw
bE@  K n >E@  S n wE@  _ ' f
ru
Ebn >n wE@  K n E>n wEK  S n wES  _ ' f1
Qrw doo frh!flhqwv duh }hur/ +djdlq/ vlqfh bn>nw ' ,/ khqfh iE@Kc
EK  Sc ES  _j duh ghshqghqw/ d frqwudglfwlrq1
Qh{w zh phqwlrq wkdw Wkhruhp 6 lv hdvlo| suryhg dovr iru wkh fdvh mm 	 e1
+Wklv lv d e|0surgxfw ri wkh surri lq Jloerd0Vfkphlgohu +4<<:,1,
Zh qrz wxuq wr wkh surri ri Wkhruhp 41 Zh uvw suryh vx!flhqf| ri wkh
d{lrpv1 Dvvxph/ wkhq/ wkdw D40D8 krog1 Wkxv D40D7/ D8- krog1 Khqfh/
e| Wkhruhp 6/ wkhuh lv d uhsuhvhqwdwlrq e| i@j@M dv lq E vxfk wkdw/ iru
hyhu| glvwlqfw @c Kc Sc _/ wkh yhfwruv i@  Kc K  Sc S  _j duh olqhduo| lq0





lv lqghshqghqw ri @1
Vlqfh  lv qlwh/ rqh pd| ghqh q ' 4?@M @ dqg vhw @ ' @ n q1








f iru doo  5  1 Ohw S ' SM @ iru vrph +khqfh/ doo, @ 5 1 Li S ' f/ @ ' f
iru doo @ 5  dqg  5  1 Khqfh S : f1 Ghqh k ' S3 dqg @E ' k@ 1
Wkxv  ' i@j@M duh orwwhulhv wkdw vdwlvi| E1 E| Sursrvlwlrq 7/  lv
70lqghshqghqw1
Wr vhh wkh frqyhuvh/ dvvxph wkdw  ' i@j@M lv jlyhq/ vxfk wkdw E
krogv dqg  lv 70lqghshqghqw1 Ghqh @ ' @E dqg xvh Wkhruhp 6 wr vkrz
wkdw D40D7 krog1 Wkhq revhuyh wkdw/ vlqfh
S
M @E '  iru doo @/ E
lpsolhv wkdw D8 krogv dv zhoo1
Wklv frpsohwhv wkh surri ri Wkhruhp 41 
Surri ri Sursrvlwlrq 5=
Frqvlghu wkh froohfwlrq ri orwwhulhv  ghqhg lq wkh surri ri Wkhruhp 41
Zh fodlp wkdw lw lv pruh h{wuhph wkdq dq| rwkhu froohfwlrq ri orwwhulhv '
vdwlvi|lqj E1 Ohw ' eh vxfk d froohfwlrq/ zlwk ' 9'  1 E| wkh xqltxhqhvv
sduw ri Wkhruhp 6/ wkhuh duh k : f dqg/ iru hdfk  5  / q 5 U/ vxfk wkdw
'@E ' k@E n q
iru hyhu| @ 5  dqg  5  1
E| frqvwuxfwlrq ri c 4?@M @E ' f iru hyhu|  5  1 Lw iroorzv wkdw
q  f +rwkhuzlvh/ zh jhw '@E 	 f iru vrph @ 5  dqg  5 1 Revhuyh
wkdw/ iru doo @/
 '
S




M q ' k n
S
M q
Li q ' f iru doo  5  / k '  dqg  ' '1 Vlqfh ' glhuv iurp  / wkhuh
h{lvwv q : f1 Khqfh k 	 1 Ghqh -E ' q*E  k  f1 Revhuyh wkdwS
M -E '
S
M q*E k ' 1 Khqfh - lv d orwwhu| vxfk wkdw
'@E ' k@E n q ' k@E n E k-E
iru hyhu| @ 5  dqg  5  1 Wklv suryhv wkdw  lv pruh h{wuhph wkdq '1 
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Uhihuhqfhv
Doodlv/ P1 +4<86,/ Oh Frpsruwhphqw gh O*Krpph Udwlrqho ghydqw oh
Ulvtxh= fulwltxh ghv Srvwxodwhv hw D{lrpv gh o*Hfroh Dphulfdlqh/ Hfrqr0
phwulfd/ 54= 83608791
Dvknhqd}l/ J1 dqg H1 Ohkuhu +5334,/ Zhoo0Ehlqj Lqglfhv/ plphr1
gh Ilqhwwl/ E1 +4<6:,/ Od Suhylvlrq= Vhv Orlv Orjltxhv/ Vhv Vrxufhv Vxe0
mhfwlyhv/ Dqqdohv gh o*Lqvwlwxwh Khqul Srlqfduh/ := 409;1
Hoovehuj/ G1 +4<94,/ Ulvn/ Dpeljxlw| dqg wkh Vdydjh D{lrpv/ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ :8= 976099<1
Jloerd/ L1 dqg G1 Vfkphlgohu +4<<8,/ Fdvh0Edvhg Ghflvlrq Wkhru|/ Wkh
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 443= 938096<1
Jloerd/ L1/ dqg G1 Vfkphlgohu +4<<:,/ Dfw Vlplodulw| lq Fdvh0Edvhg Gh0
flvlrq Wkhru|/ Hfrqrplf Wkhru| <= 7:0941
Jloerd/ L1 dqg G1 Vfkphlgohu +4<<<,/  Lqgxfwlyh Lqihuhqfh= Dq D{lrpdwlf
Dssurdfk/ plphr1 Uhylvhg/ 53341
Jloerd/ L1 dqg G1 Vfkphlgohu +5334,/ D Wkhru| ri Fdvh0Edvhg Ghflvlrqv1
Fdpeulgjh Xqlyhuvlw| Suhvv1
Jloerd/ L1/ G1 Vfkphlgohu/ dqg S1 Zdnnhu +4<<<,/ Xwlolw| lq Fdvh0Edvhg
Ghflvlrq Wkhru|/ plphr1
Ndkqhpdq/ G1 dqg D1 Wyhuvn| +4<:<,/ Survshfw Wkhru|= Dq Dqdo|vlv
ri Ghflvlrq Xqghu Ulvn/ Hfrqrphwulfd/ 7:= 59605<41
Udpvh|/ I1 S1 +4<64,/ Wuxwk dqg Suredelolw|/ Wkh Irxqgdwlrq ri Pdwk0
hpdwlfv dqg Rwkhu Orjlfdo Hvvd|v1 Qhz \run= Kdufrxuw/ Eudfh dqg Fr1
Vdydjh/ O1 M1 +4<87,/ Wkh Irxqgdwlrqv ri Vwdwlvwlfv1 Qhz \run= Mrkq
Zloh| dqg Vrqv1
yrq Qhxpdqq/ M1 dqg R1 Prujhqvwhuq +4<77,/ Wkhru| ri Jdphv dqg Hfr0
qrplf Ehkdylru1 Sulqfhwrq/ Q1M1= Sulqfhwrq Xqlyhuvlw| Suhvv1
Zdnnhu/ S1 S1 +4<;<,/ Dgglwlyh Uhsuhvhqwdwlrqv ri Suhihuhqfhv= D Qhz
Irxqgdwlrq ri Ghflvlrq Dqdo|vlv1 Noxzhu Dfdghplf Sxeolvkhuv/ Gruguhfkw1
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